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We prove that any bridgeless graph G = (V, E), 1 El = m, 1 VI = N, admits a cycle 
cover of total length at most m +$(n- 1). We give a quick survey of the related 
problems and establish some properties for the vertex covering problem and for 
shortest coverings of cographic matroids. 
Nous montrons ici que tout graphe sans isthme G = (V, E), IEl = m, I VI = N, 
admet une couverture par des cycles dont la somme des longueurs n’exctde pas 
m + i(n - 1). Nous donnons un apercu rapide de divers problemes proches, et 
Ctablissons des proprittb de couverture des sommets d’un graphe, et de couverture 
minimale de matroide cographique. 0 1985 Academic Press, Inc. 
In the following paper we shall only consider bridgeless graphs. Let 
G = ( V, E) denote such a graph, n = ( VI, m = [El. Our problem is to find an 
upper bound for the minimum total length of a set of cycles covering the 
edges of G in terms of m and n. 
Let I( C1 , C2,..., C,> denote the sum of the lengths of cycles Ci. 
Let Z(G) denote the minimum length of a cycle cover of G. 
The best known result due to Jackson, Jaeger, and Bermond [ 1 ] is 
(1) Z(G)<$m 
(2) Z(G)<m+$z-1) 
We prove here the following improvements of (2): 
(3) z(G)<m+$ltl; 
ItI denotes the weight of a maximum-weighted tree, if we put weights on 
the edges. In that case m is the sum of the weights of the edges. We will use 
the notion of a cycle-equivalent weighted graph in the text, so that this 
precision can be useful even in the case of non-weighted graphs, for which 
we have anyway (tJ <n - 1. 
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A cycle here will denote any member of the vector space classically 
defined on Z2, that is, any subgraph with an even degree on each ver- 
tex [2]. 
PARTITION OF E INDUCED BY A COVER 
We shall use a more precise result of [ 1 ] to begin our proof: 
THEOREM 1. Every bridgeless graph is coverable by three cycles. 
It is obvious that if G is coverable by two cycles then formula (3) is valid 
and even improved. Thus we shall not consider such graphs. Let us assume 
that t = (c,, c2, c,) is any cover of G. We will set: 
J%(t) = Eh - cc2 u cd) 
E*(f) = E(c* - (c3 ” Cl )) 
W) = w, - (Cl u 4) 
J%(t) = WC2 n cd - CA 
Wf) = NC, n Cl) - cd 
J%(t) = Jw, n 4 - 4 
ET(t) = E(c, n c2 n c,) 
For any triple t, (E,, E2 ,..., E7) constitute a partition of E. Moreover, 
Z(G)<Z(t)=m+ i [EJ + 1E.J. 
i=4 
TRANSFERS OF CYCLES 
DEFINITION 1. Let TT denote the set of all triples of cycles of G. We call 
transfer of a subset C of E on index ijk (i, j, k being members of 2,) the 
function on TT defined as: 
t&C) * (cl, Cz, C3) = (Cl + iv C, C2 + j- C, C3 + k - C), 
where sums and products are defined in the vector space of cycles over Z2. 
It is valid on T if T and its image are covers of G and if C is a cycle. 
PREPOSITION 1. If T is of minimum length in TT, then no valid transfer 
on T can decrease its length. 
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This proposition is completely obvious but will justify our definition. We 
shall suppose from now on that T is a cover of minimal length among all 
triples. If omitted Ei will stand for Et(T). This leads US to: 
PROPOSITION 2. The set E4 u E5 u Es u E7 cannot contain any cycle. 
Prooj Otherwise let C be such a cycle. Let us consider the expression: 
T being of minimal length, A must be positive for the transfers we use are 
valid. But if Xi denote the cardinality for Ein C then we get 
&c-j(C) * T) - Z(T) = x4 - (x, + x5 + x6). 
Thus 
A = -(x4 +x5 +x6 + 34. 
Thus A < 0, a contradiction. Set P = C!= 4 (Eil. We deduce 
(a) P< ItI. 
PROPOSITION 3. We may consider that all subsets: 
(1) E,uE,uE,uE, 
(2) &uE4uE6uE7 
(3) E2uE5uE6uE, 
do not contain any cycle. 
ProojI Let us consider a cover with a triple T so that E2 is minimum 
among the triples where El is minimum. If a cycle did exist in (1 ), (2), or 
(3) then it would have at least one edge in E, (resp. EJ according to 
Proposition 2. Thus considering the transfers t 110 (resp. tlol, toll) if those 
cycles applied to T, the number of edges in E, and then in E2 decreases 
each time. Thus we cannot have a cycle in (1 ), nor in (2), nor in (3), as it 
appears from the choice of T. 
We deduce 
(W El + lE4l+ E5l + l&l d ItI 
(C) l&l + 1E41 + lE61 + I&l d ltl 
(4 IEA + lE5l + lE6l + l&l 6 ItI. 
PROPOSITION 4. E, (resp. Ez, E3) have cardinality greater than E7. 
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Proof: Let us consider the triple T’ = ( C1, C1 + Cz, C1 + C,). We 
deduce from the fact that T is a shortest cover among all triples that 
Z(T)--Z(T)>,O, 
thus 
63 &I - IElI a 
and by circular permutation 
(0 I&- l&l a 
(g) IJ%l - I&l a. 
OUR RESULT 
On summing twice (a), (b), (c), (d), twice (e), (f) we get 
4(P+ l&l) <WI. 
Thus we deduce 
THEOREM 1. Every bridgeless graph admits a cycle cover of length at 
most m i- $1 tl. 
From this we deduce a corollary using n - 1 instead of 1 tl for the 
maximum weight of an acyclic graph (putting weight 1 on each edge). 
COROLLARY. Every bridgeless graph admits a cycle cover of length at 
most in m+$(n- 1). 
OTHER PROPERTIES 
DEFINITION. For every coverable graph G the corrected length of G is 
the quantity cl(G) = Z(G) - IE(G)I. 
DEFINITION. A graph G is min-coverable if and only if 
(i) it is bridgeless 
(ii) for every cycle C, G - C has a bridge. 
It is sufficient to consider covers of min-coverable graphs for if G is such 
that there is a cycle C with G - C bridgeless and if ( C1, C,,...) is a cover of 
G - C, then (C, + C, C,,...) is a cover of G, so that cl(G) d cl(G - C). 
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PROPOSITION 5. Every min-coverable graph has at most 3(n - 1) edges. 
Proof: It is a corollary of equations (c) and (d) combined with the fact 
that if G is min-coverable then E,, EZ, and E3 cannot contain any cycle. 
Thus m + 1 E6j 6 3(n - 1). Thus our proposition, 
VERTEX COVER WITH CYCLES 
We use here the notion of minimally 2 edge connected graphs (m2ec) to 
use our previous result: let g denote a spanning m2ec subgraph of G, an 
edge cover of g will be a vertex cover of G. 
We know [S] that the relation “forming a two-cut with” is an 
equivalence relation on E. Let us consider an equivalence class k with 
respect to this relation, and choose an element e in k. Let us contract in g 
every edge of the class k except e itself. Replace e by a path containing the 
edges of k. We get a graph g’ so that there is an identity between the sets of 
cycles of g and g’, considered as sets of edges: g and g’ define the same 
matroid. Indeed, if e does not belong to a cycle C then C does not contain 
any member of the class of e, thus C is equivalently a cycle of g or g’. Now 
if e is in C then the class of e is included in C and the converse is also clear. 
x Y 
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e’ 
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al 
Bl B2 
Y' 
xfe e’ 
g’ 
After performing this operation on every class we may suppose that 
every class of two-cuts is a path of vertices of degree 2. As g is m2ec, no 
class is empty. Let us consider g’ the weighted graph otained from g by 
contracting every path of vertices of degree two into an edge weighted by 
the length of the initial path. It is a 3 edge connected graph and the weight 
of every edge is at least 2. Let 7’ be a cover of g’, its length being defined at 
the sum of the weights of the edges. 
Let n, (resp. n,) denote the number of vertices of degree greater than 2 
(resp. equal to 2), m, the number of edges of g’. We get 
m=m,+n, 
n=n, +nz. 
The number of edges of a tree in g’ is at most m minus the minimum 
number of edges of a cotree of g’. But as every edge has weight at least 2, 
we deduce 
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PROPOSITION 6. In g’ a spanning tree has a totaf weight at most 
m-2(m,--n,+l), that is, 2(n-1)-m. 
Using our result we deduce 
THEOREM 2. Let G be a graph such that every vertex lies in a cycle. Then 
it has a vertex cover with cycles of total length at most: $$(n - I). 
Proof: For every block not limited to an edge we consider a spanning 
m2ec subgraph. So we may assume that G is m2ec, and consider an edge 
cover of G. In fact we will consider equivalently an edge cover of the 
weighted graph g’ defined as above. 
We already proved that there is a cover in 
min($m, m + 21 tl), 
where 1 t( is the total weight of a maximum-weighted spanning tree of g’ 
and m the number of edges in G, or equivalently the sum of the weights of 
the edges of g’. 
Using Proposition 6 we have 1 tl d 2(n - 1) - m. Thus 
Z(G) 6 $(n - 1) = m/4 and E(G) < sm. 
We deduce Z(G) < g(n - 1). 
PROBLEMS AND CONJECTURES 
Several authors [see 11 have already proposed the following conjectures: 
(i) Double cover: every bridgeless graph admits a double cover, 
that is, a cover such that each edge appears in exactly two cycles. 
(ii) D5 flow: every bridgeless graph has a double cover formed by 5 
cycles. (The four-colour theorem implies a D3 flow for planar graphs.) 
(iii) Edge cover: better bounds have been proposed, that is, 
Z(G) < min( qm, m + n - 1) with ;<q<s. 
(iv) Vertex cover: as it appears in the proof of Theorem 2 it is 
equivalent to conjecture an edge cover in m + I t( and a vertex cover in 
2(n - 1). 
(v) A slightly stronger conjecture is that a minimally 2-connected 
graph has also an edge cover in 2(n - 1). 
We propose here a slight result that has not been set in that form: 
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PROPOSITION 
in m + r, where 
7. Evry cographic 
r denotes its rank. 
matroid without bridge has a cycle cover 
ProoJ: Let us consider the dual graph. Consider a basis of cocycles 
defined by the vertices except one, denoted by X. Let S be a maximum 
stable set containing x and such that the set of incident edges does not con- 
tain any cycle. It can be proved by induction that such a set exists. Then 
the set of cocycles defined by the set vertices that do not appear in S is a 
cycle cover of length at most m + r. 
We get a corrolary on planar graphs (not using the four-colour 
theorem): 
PROPOSITION 8 [ 11. A planar graph has a cycle cover of length at most 
m-In--l. 
Proox Apply Proposition 7 to the dual graph. 
PROPOSITION 9. A planar graph has a vertex cycle cover of length at 
most 2(n - 1). 
ProojI In our proof of Proposition 7 we use the rank, that is, the 
maximum number of edges without cycle. Thus, Proposition 6 may be 
used, together-with the fact that a subgraph of a planar graph is planar. 
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